Dedicated to Professor Haim Hanani on the occasion of his 75th birthday.
The cardinality
of X is v. 2. The cardinality of each group is a member of M. 3. The cardinality of each block is a member of K. 4. Every 2-subset {x, y} of X such that x and y belong to distinct groups is contained in precisely I blocks. 5 . Every 2-subset {x, y} of X such that x and y belong to the same group is contained in no block.
A group divisible design is resolvable if there exists a partition n = {P,, Pz, . .} of p such that each part Pi is itself a partition of X. In this paper we investigate the existence of resolvable group divisible designs with K = {3}, M a singleton set, and all A. The case where M = { 1) has been solved by Ray-Chaudhuri and Wilson for I = 1, and by Hanani for all h > 1. The case where M is a singleton set, and I = 1 has recently been investigated by Rees and Stinson. We give some small improvements to Rees and Stinson's results, and give new results for the cases where I > 1. We also investigate a class of designs, introduced by Hanani, which we call frame resolvable group divisible designs and prove necessary and sufficient conditions for their existence.
Introduction
Let Y be a non negative integer, let il be a positive integer, and let K and M be sets of positive integers. A group divisible design, denoted by GD [K, il, M, Y] , is a triple (X, r, /3) where X is a set of points, r = { Gr, G2, . . . } is a partition of X, and /I is a class of subsets of X with the following properties.
(Members of r are called groups and members of /3 are called blocks.)
1. The cardinality of X is Y. 2. The cardinality of each group is a member of M. 3. The cardinality of each block is a member of K. 4 . Every 2-subset {x, y} of X such that x and y belong to distinct groups is contained in precisely A. blocks.
5
. Every 2-subset {x, y} of X such that x and y belong to the same group is contained in no block.
When M = {m} or K = {k} are singleton sets we shorten the notation for GD [K, il, M, v] Proof. Theorems 1.2 and 1.4 cover the cases A. = 1 and A = 2. For A. > 2 and Y # 6 the designs are constructed by taking copies of the blocks and resolution classes of the designs with A c 2. For Y = 6 and ,I = 4j take j copies of all 3-subsets of a 6-set as blocks, and the resolution classes consist of a block and its complement. Now let us assume that there exists a resolvable GD[3, 4j + 2, 1, 61. We can assume that X = (0, 1, 2, 3, 4, 5). Every resolution class contains two blocks, and these two blocks contain either 0 or 4 pairs {x, y} such that x j y (mod 2) (according to whether the resolution class is { {0,2,4}, { 1,3,5}} or not). There are a total of 9 such pairs, and thus 9(4j + 2) is a multiple of 4, a contradiction. Rees and Stinson also proved the following theorem, which is the state of the art for resolvable group divisible designs with k = 3, h = 1, and arbitrary m. In this paper we improve on Rees and Stinson's result by removing the first two classes of exceptions, and some of the third class. We also prove a result similar to Theorem 1.7 with h > 1. We denote the set of primes less than or equal to p by DP. Our main result is the following. A further configuration investigated in this paper has appeared in Hanani's paper [6] 
and hence an additional necessary condition is that AY = 0 (mod k -1). Note that the number of frame parallel classes which partition X\G, for some fixed group Gi is given by f -r = Aml(k -1) and we shall sometimes use this fact to index the frame resolution
where u is the number of groups and Pij is a partition of X\G, for all j.
In the case k = 3 Stinson [12] has shown that the necessary conditions stated above are also sufficient when A = 1, and his result is stated below. In Section 2 we describe the major constructions necessary to prove Theorems 1.8 and 1.11. In Section 3 we prove these results, and the appendix contains the constructions of resolvable and frame resolvable designs with small parameters needed in the proofs.
Recursive constructions
In this section we show how to construct both resolvable and frame resolvable group divisible designs using the existence of designs with smaller values of the various parameters.
Throughout the sequel we shall denote the set io, I, * . . , n -l} by I,. The first lemma shows how to increase A without altering any of the other parameters. 
Proof. Take the union of the two postulated designs. El
In most cases this lemma reduces our problem to consideration of only two cases namely h = 1 or 2. The next theorem is multiplicative on the number of points and the index A. In general we will be using the theorem with k, = k thus keeping the block size constant, but we shall also have occasion to set k, f k. [7
To apply this theorem we generally use Theorem 1.3 which guarantees the existence of resolvable GD [3, 1, g, 3g] for all g # 2, 6. Thus our problem usually reduces to consideration of the cases where m = 1, 2, 3, and 6. The next theorem shows that the set U = {u : there exists a frame resolvable GD[k, A, m, mu]} is PBD-closed. 10, 11, 12, 14, 15, 18, 19, 23) .
The next theorem is similar to the PBD-closure theorem and it illustrates the interplay between frame resolvable and resolvable group divisible designs. ] with point set (G U {m}) X I,, groups {x} x Z, for each x E G U {m}, and block set /3(G). Its resolution 17(G) = {n(G, x, j):x E G, j = 1, 2, . . . , Am/(k -l)}, is indexed arbitrarily by the ordered pairs (x, j). This is possible since the number of parallel classes is Amg/(k -1). For each block B E /3 of cardinality u we construct a frame resolvable GD [k, Iz, m, mu] with point set B x Z,, groups {x} x Z, for each x E B, and block set p(B). Its frame resolution Z7(B) = {P(B, x, j) :x E B, j = 1, 2, . . . , Am/(k -l)}, is indexed so that P(B, x, j) is a partition of (B\(x)) x I,,, for all j. Now let p' = lJGErp(G) U LJees p(B), and construct the following parallel classes. Let x be a member of X and let G be the unique group in r which contains x, now for each j=l,2,..., Am/(k -1) define 
Proofs of the main theorems
We begin this section with a proof that the necessary conditions for existence of frame resolvable group divisible designs with block size 3 are sufficient. We restate the theorem here for the reader's convenience. Proof. Let v = urn. We consider three cases.
Case 1. 3L = 1 (mod 2).
In this case the necessary conditions reduce to u # 2, 3, m = 0 (mod 2), and m(u -1) = 0 (mod 3). The existence of these designs follows from Stinson's theorem [12] (Theorem 1.9) and the Addition Lemma. Case 2. A s 0 (mod 2) and m $0 (mod 3).
In this case the necessary conditions reduce to u = 1 (mod 3). Case 3. il = 0 (mod 2) and m = 0 (mod 3).
In this case the necessary conditions reduce to u # 2, 3. When m is even the result follows from Stinson's theorem and the Addition Lemma. When m is odd, by the Addition Lemma and the Multiplication Theorem, it is sufficient to establish the result in the case where k = 2 and m = 3. When u = 1 (mod 3) and in particular when u E (4, 7, 10, 19} the result follows from Hanani's theorem and the Multiplication Theorem. When u E (5, 8, 9, 11, 12, 15, 23 We are now able to state and prove the following. [3,2,3,3u] for all u c 30 with the exceptions of u = 2,20, 26. For u > 30 and u = 20, or 26 we use induction.
Write u = 4g + n + 1 where g 2 4, g 4 (6, lo}, 0 < n c g and IZ # 1. By Theorem 3.3 there exists a GD [5,1, g, 5g] , and deleting g -n points from a single group, and all the blocks containing them yields a GD[{4, 5}, 1, {g, n}, 4g + n]. By Theorem 1.11 there exists a frame resolvable GD [3, 2, 3, 12] , and a frame resolvable GD [3, 2, 3, 15] . Since u >g + 12 5 and g + 1 Z= n + 1 # 2 the induction hypothesis gives us the existence of a resolvable GD]3, 2, 3, 3(g + 111, and a resolvable GD[3, 2, 3, 3(n + l)]. We now apply the For m E D7 the existence of a resolvable GD[3, 2, 2m, 12m] follows from Rees and Stinson's theorem and Theorem 3.1. The remaining cases follow from the Multiplication Theorem. 0
We are now ready to prove our main result which is restated below for the reader's convenience. + 1,2,3), (1,2,6 Math. 11 (1977) A frame resolvable GD[3, 2, 3, 421.
X=z39U{m",mltm*]. T={{i,i+13,i+26},{~,,m,,~a}:i=0,1 ,..., 12) .
Frame parallel classes
{ [2, 8, 141 [4, 11, 151 [9, 17, 191 [16,25, 301 [29, 7, 121 [10,28, 311 [38,23, 271 [34, 20, 221 [3, 32, 351 [6, 36, 371 [18, 33, coo] , 16). 10, 181 [4, 13, 191 [l, 11, 151 [3, 14, 161 [8, 20, 261 [22, 41, 421 [27, 49, 51 [7, 30, 351 [48, 21, 241 [50, 29, 321 [12, 43, 471 [6, 38, 451 [37, 23, 281 [44, 31, 331 [39, 9, a,] ..,m5}:i=0, 1,. ..,9) parallel classes are formed from the orbit of the following base parallel class under the action of the permutation which fixes mn, ml,
Frame parallel classes {[2,
. , m5 and sends j+ j + 2 (mod 60) for all j in Z6(). 0, 2, 161 [4, 10, 321 [l, 3, 291 [5, 9, 271 [7, 13, 561 [11, 19, 141 [23, 35, 281 [25, 39, 521 (37, 53, 441 [57, 21, 8) [42, 46, 451 [12, 48, 311 [50, 38, 151 [22, 30, 511 [18, 36, 591 [40, 6, 41) 
Parallel classes are formed from the orbit of the following base parallel class under the action of the permutation which fixes mu, ml, , m5 and sends j+ j + 2 (mod 78) for all j in Z,,.
{ [o, 19, 381 [2, 23, 441 [4, 5, 61 [l, 3, 391 [8, 32, 361 [7, 31, 351 [12, 34, 421 [ll, 33, 411 [20,40, 521 (67, 9,211 [70, 26, 291 [25, 59, 621 [48, 58, 631 [61,71,76] [54,68, 771 [51, 65,741 [30,46, 571 [75, 13, 241 [lo, 28, 451 [37, 55, 721 [ [64, 15, m,] [27, 56, m,] [14, 47, ~1 [17, 50, ~1 [66, 73, %I, 18,43, 491 [69, 16,221 (53, 60, -311 A resolvable GD[3, 1, 10, 601. , m,, and sends j-j + 2 (mod 50) for all j in Z,,,. 0, 4, 161 [l, 5, 171 [6, 8, 301 [7, 9, 311 [12, 18, 261 [19, 22, 251 [13, 14, 211 [27, 40, 41) [29, 36, 471 [28, 37, 461 [33, 44, m,,] Parallel classes are formed from the orbit of the following base parallel class under the action of the permutation which fixes m,,, ml.
. , ml3 and sends j-j + 2 (mod 70) for all j in Z,,,. ((0, 2, 141 [l, 3, 151 [4, 8, 301 [5, 9, 311 [IO, 18, 421 [ll, 19, 431 [6, 22, 401 [13, 16, 291 [17, 26, 351 [7, 24, 41) [28, 34, 571 [21, 27, 501 [32, 33, 601 [67, 68, 251 [4x, 51, Y, ] [l, 8, 121 [3, 11, 131 [26, 18, 211 [23, 16, 171 [5, 19, 221 [9, 24, 251 [IO, 15, m, , l [2, 14, ~1 [7, 20, m, ] } (mod 27).
A resolvable GD[3, 2, 3, 421. X = Z,, U P,,, ml, 51.
~={{i,i+13,i+26},{~,,,~,,~Z}:i=0,1 ,..., 12).
Parallel classes
{ [l, 2, 71 [4, 8, 281 (16, 32, 341 [ll, 19, 251 [5, 22, 371 [lo, 20, 311 [2l, 24, 351 [6, 18, 231 [27, 36, 171 (15, 12, 141 [3, 30, 381 [9, 0, m,j] 10, 201 [2, 13, 211 [4, 16, 22) [l, 14, 181 [3, 17, 191 [8, 23, 301 [5, 28, 371 [7, 31, 381 [9, 34, 391 [33, 59, 621 [24, 51, 521 [46, 27, 351 [54, 36, 421 [57, 40, 441 [61, 45, 471 [26, 60, 61 [12, 48, 531 [55, 29, 321 [ll, 49, SO] 
{ [l, 2, 41 [7, 14, 161 [12, 18, 51 [13, 21, 0] [20, 3, 61 [9, 10, m,] 

